EXISTENCE OF NATURAL AND CONFORMALLY 
INVARIANT QUANTIZATIONS OF ARBITRARY 

SYMBOLS 



P. MATHONET AND F. RADOUX 

Abstract. A quantization over a manifold can be seen as a way to 
construct a differential operator with prescribed principal symbol. The 
map from the space of principal symbols to the space of differential 
operators is moreover required to be a linear bijection. 

It is known that there is in general no natural quantization proce- 
dure. However, considering manifolds endowed with additional struc- 
tures, such as projective or pseudo-conformal structures, one can seek 
for quantizations that depend on this additional structure and that are 
natural if the dependence with respect to the structure is taken into 
account. The existence of such a quantization was conjectured by P. 
Lecomte in [T5] in the context of projective and conformal geometry. 

The question of existence of such a quantization was addressed in a 
series of papers in the context of projective geometry, using the frame- 
work of Thomas- Whitehead connections (see for instance pi ll4|[T51ll5] ). 
In |23II21) . we recovered the existence of a quantization that depends on 
a projective structure and that is natural (provided some critical situa- 
tions are avoided), using the theory of Cartan projective connections. 

In the present work, we show that our method can be adapted to 
pseudo-conformal geometry to yield the so-called natural and confor- 
mally invariant quantization for arbitrary symbols, still outside some 
critical situations. 

Moreover, we give new and more general proofs of some results of '21] 
and eventually, we notice that the method is general enough to analyze 
the problem of natural and invariant quantizations in the context of 
manifolds endowed with irreducible parabolic geometries studied in [9]. 



1. Introduction 

Consider a manifold M and a space D(M) of differential operators acting 
between spaces of tensor fields over M. The space V{M) is filtered by the 
order of differential operators : 

V{M) = ur=oV\M), 

where P*^(M) is the space of operators of order at most k. 
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The principal symbol of a differential operator of order A: is a well defined 
tensor field : there is a natural map -the principal symbol operator- 

and the space of symbols associated to V{M) is then the graded space 

S{M) = ®r=oSHM). 

The purpose of the so-called "natural quantization problem" is to construct 
a differential operator with prescribed symbol in a natural way. In this 
framework, a natural quantization is a natural bijection Q from S{M) to 
P(M) such that cjfc o g = Id on 5^(M) for every k. 

It is known that in general, such a natural quantization does not exist. 
There are two possible ways to weaken the naturality condition. The first one 
leads to the concept of G-equivariant quantizations on manifolds endowed 
with the action of a Lie group G. The second one is to consider the more 
general notion of natural and invariant quantizations. 

The concept of G-equivariant quantization was defined by P. Lecomte and 
V. Ovsienko in [18] in the following way : if a Lie group G acts (locally) 
on a manifold M, the action can be lifted to tensor fields and to differential 
operators and symbols. A G-equivariant quantization is then a quantization 
that exchanges the actions of G on symbols and differential operators. In 
[18] . the authors considered a space of differential operators Vx{W^) acting 
on A-densities and the projective group G = PGL{m + 1,M) acting on 
by linear fractional transformations. They showed that there exists a unique 
projectively equivariant quantization. 

In [12], the authors studied the spaces Vx^CMJ^) of differential opera- 
tors transforming A-densities into /^-densities. They showed the existence 
and uniqueness of a projectively equivariant quantization, provided the shift 
value 6 = fj, — X does not belong to a set of critical values, and in [Tj, a first 
example of projectively equivariant quantizations for differential operators 
acting on tensor fields was considered. 

In [To], the authors considered the group SO{p + l,q + 1) acting on the 
space M^"'"'' or on a manifold endowed with a flat pseudo-conformal structure 
of signature {p,q)- They also showed the existence and uniqueness of a 
conformally equivariant quantization provided the shift value is not critical. 

The algebras of fundamental vector fields associated to the actions of 
PGL{m + 1, M) and of SO{p + 1, g + 1) turn out to be maximal in the set of 
proper subalgebras of polynomial vector fields. In [2], the authors classified 
the subalgebras having this property. They correspond to simple algebras 
g carrying a |1 [-grading g = 0_i © 0o © 01- Finally, in [3j, the methods of 
[lOj were adapted to obtain existence of the quantization for most of these 
algebras g (and the corresponding groups G) provided the shift value is not 
critical. 
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The concept of natural and invariant quantization appeared in the con- 
formal case, in [11] and [20], where the authors showed that the confor- 
mally equivariant quantization procedure for symbols of degree two and 
three can be expressed using the Levi Civita connection associated to a 
pseudo-Riemannian metric in such a way that it only depends on the con- 
formal class of the metric. 

In the projective case, in [5l,'6], S. Bouarroudj showed that the formula for 
the projectively equivariant quantization for differential operators of order 
two and three could be expressed using a torsion-free linear connection, in 
such a way that it only depends on the projective class of the connection. 

In [T9], P. Lecomte conjectured the existence of a quantization procedure 
Q : S{M) — > Vx^^iM) depending on a torsion- free linear connection (resp. 
pseudo-Riemannian metric), that would be natural in all arguments and 
that would remain invariant under a projective (resp. conformal) change of 
connection (resp. metric). 

The existence of such a Natural and projectively invariant quantization 
procedure was first proved by M. Bordemann in |4j, using the notion of 
Thomas- Whitehead connection associated to a projective class of connec- 
tions. This result was generalized in a series of recent papers. First, S. 
Hansoul adapted the construction in [14] in order to extend the results of 
[1]. Then, in [23], we gave an alternative proof of the results of M. Borde- 
mann, using the theory of projective Cartan connections. 

In [131115], these results were generalized to deal with multilinear opera- 
tors or linear operators acting on arbitrary tensors. 

At the same time, in [21j, we gave a proof of the existence of natu- 
ral and projectively invariant quantizations using Cartan projective con- 
nections. One of the advantages of our method was to obtain a formula 
showing a close relationship with the formulae obtained in the context of 
PGL{m + 1 , R)-equivariant quantizations over M™. 

In the conformal situation, we proved in [22] the existence -outside critical 
situations- of the conformally invariant quantization for symbols at most 
four and for differential operators acting between densities. 

In this paper, we give a general result of existence of a conformally invari- 
ant natural quantization for differential operators acting on arbitrary tensors 
and for any order of differentiation, provided the situation is not critical. We 
actually adapt the tools of [21] to the conformal case. We also give new and 
more general proofs of some of the results of |21j , and it turns out that our 
arguments and tools are general enough to obtain a natural and invariant 
quantization associated to most of geometric structures corresponding to 
simple |l|-graded algebras. 

2. Problem setting 

In this section, we will describe the definitions of the spaces of differen- 
tial operators acting on tensor fields and of their corresponding spaces of 
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symbols. Then we will set the problem of existence of natural and confor- 
mally invariant quantizations. Throughout this work, we let M be a smooth 
manifold of dimension m > 3. 

2.1. Tensor fields. The arguments of the differential operators that we will 

consider are classical tensor fields. Recall that one may see them as sections 
of vector bundles associated to the linear frame bundle P^M. We consider 
irreducible representations of the group GL(m, M) defined as follows : let 
(F, be the representation of GL{m,R) corresponding to a Young dia- 
gram Yd of depth n <m. Fix A G R and z G Z and set 

a{A)u = \det{A)\^{det{A)yoiD{A)u, (1) 

for all A e GL{m, R), and ueV. 

If (V, a) is such a representation, we denote by V{M) the vector bundle 

P^M Xa V. 

We denote by V(M) the space of smooth sections of V{M). This space 
can be identified with the space C°°{P^M, of GL(m, R)-invariant 

smooth functions, i.e. functions / such that 

f{uA) = a{A-^)f{u) \lu e P^M, G GL{m,R). 

Finally, since V{M) ^ M is associated to P^M, the group Diff(M) of 
diffeomorphisms of M acts in a well-known manner on the space V(M). 

2.2. Differential operators and symbols. If (Vi, pi) and (V2, P2) arc rep- 
resentations of GL{m,M), we denote by P(Vi(M), V2(Af)) (or simply by 
P(M) if there is no risk of confusion) the space of linear differential op- 
erators from Vi(M) to V2(M). The actions of Vect(M) and Difr(M) are 
induced by their actions on Vi(M) and V2(M). For instance, one has 

((/. • D){f) = ct> ■ {D{r' ■ /)), V/ G Vi(M), D G P(M), and(/> G DiflF(M). 

The space D(M) is filtered by the order of differential operators. We denote 
by P*^(M) the space of differential operators of order at most k. The space 
of symbols, which we will denote by Svi^ViiM) or simply by S{M), is then 
the graded space associated to T)(M). 

We denote by Sy^ the vector space ® gl{Vi, V2). We denote by 

p the natural representation of GL{m,M.) on this space (the representation 
of GL{m,M) on symmetric tensors is the natural one). We then denote by 
S{,^y^{M) M the vector bundle 

and by Sy_^ v'2(-^) space of smooth sections of Sy^ vil-^) ~^ ^^^^ 
the space C°°{P^M, S^y^y^)GL{m,R)- 
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Then the principal symbol operator ai : V (M) Sy^ V2^^^^ commutes 
with the action of difFeomorphisms and is a bijection from the quotient space 
I>'(M)/X>'-^(M) to S!y^ y^{M). Hence the space of symbols is nothing but 

oo 

5(M) = 05t.,,y,(M), 

1=0 

endowed with the classical action of Diff (M) . 

2.3. Natural and invariant quantizations. A quantization on M is a 
linear bijection Qm from the space of symbols S{M) to the space of differ- 
ential operators T){M) such that 

<Tk{QM{S)) = S,ySe S^^^y^{M), Vfc G N. 

In the conformal sense, a natural quantization is a collection of quantizations 
Qm depending on a pseudo-Riemannian metric such that 

• For all pseudo-Riemannian metric g on M, Quid) is a quantization, 

• If ^ is a local diffeomorphism from M to N, then one has 

QM{<f>*9WS) = <l>*{QN{g){S)), 
for all pseudo-Riemannian metrics g on A'^, and all S € S{N). 
Recall now that two pseudo-Riemannian metrics g and g' on a manifold M 
are conformally equivalent if and only if there exists a positive function / 
such that g' = fg. 

A quantization Qm is then conformally invariant if one has QM{g) = 
Qnig') whenever g and g' are conformally equivalent. 

3. Conformal group and conformal algebra 

Let us now recall the definition of the algebraic objects that we will use 
throughout this work. The grading of these objects are of special impor- 
tance. 

3.1. The conformal group. Given p and q such that p + g = m, we 
consider the bilinear symmetric form of signature -|- 1, g + 1) on M"*+^ 
defined by 

where 5" is the matrix of order m + 2 given by 



and 




represents a nondegenerate symmetric bilinear form g^ on M'", namely 
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As we continue, we will use the classical isomorphism between and R"** 
defined by the symmetric bilinear form represented by J : 

H : M"" ^ M™* : X ^ x« : x^{y) = go{x, y) 

and b = and we also denote by |xp the number gQ{x,x). 

The Mobius space is the projection of the light cone associated to the 
metric B on the projective space MP™"*"^. 

We consider the group G made of linear transformations that leave B 
invariant, modulo its center, that is, 

G = {X G GL{m + 2, R) : ^XSX = S}/{±Im+2]- 

It acts transitively on the Mobius space S*"*. 

The group H is the isotropy subgroup of G at the point [em+2] of the 
Mobius space : 



,-1 



H = { 



a 

|2 



: A G 0(p, (?), a G Mo, e G R'"*}/{±W2}. 




A 

As in the projective situation, H is a, semi-direct product Go xi d. Here 
Gq is isomorphic to CO{p,q) and Gi is isomorphic to M"**. There is also a 
projection 

,-1 



TT-.H^ CO{p, q) : 



a ^ 
a~^Ai^ A 



A 
a 



3.2. The conformal algebra. The Lie algebra of G is g = so{p + 1, g + 1). 
It decomposes direct sum of subalgebras : 



0-1 ©00 ©01 



where 0-i = 
explicitly by 



00 = co{p,q), and gi 



(2) 

. The isomorphism is given 




iv,A- alm,0- 



This correspondence induces a structure of Lie algebra on R"* © co{p, q) © 
R"^*. It is easy to see that the adjoint actions Gq and of co{p, q) on 0_i = 
and on Qi = M™* coincides with the natural actions of CO{p, q) and of 
co{p,q). The Lie algebras corresponding to Gq, Gi and H are respectively 
00, 01, and 00 ©01- 

Actually, the simple Lie algebras carrying a grading ([2]) are known as 
simple |l|-graded algebras or Irreducible Filtered Lie algebras of Finite Type 
(IFFT algebras for short). Hence the algebra so{p + l,q + l) is a particular 
case of such an algebra. The classification of these algebras was obtain in 
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[T7j . Recall also that for every simple |l|-graded algebra, the subalgebra go 
is reductive and decomposes as 

00 = f)o © ^£ (3) 
where f)o is semi-simple and where the grading or Euler element E is defined 
by ad(f)|gj, = kid {k € {—1,0,1}) and is therefore in the centre of go- It 
is also noteworthy that 0_i and gi are always dual of each other because of 
the non degeneracy of the Killing form K oi q. 

Let us now close this section by to technical results about Killing-dual 
bases in such algebras. The first one is taken directly from |3j. 

Proposition 1. For every IFFT-algebra q, there exists a basis {ei,£,Aj,e^) 
of Q such that {ei : 1 < i < d) is a basis o/0_i, (Aj : I < j < dimf^o) is a 
basis o/[)o and (e^ : 1 < i < d) is a basis of Qi and such that the Killing dual 
basis writes (e*, ^£,A*,ei), where A* is in [)o for all j < dimf)o. Moreover 
we have 

d 

i=l 

As we continue, we will need other relations concerning these bases. 

Proposition 2. Denote respectively by aj and a* the matrix representations 
of ad{Aj)\g_-^ and ad{A*)\Q_-^ in the basis {ci : i < d). Then we have 

1 arc ^^^dimf)o 



— 1 AT Y^diinfjO „*r \ 

for every i,r < d. Moreover we have 

d d 
fc=l k=l 

Proof. Let us prove the first relation. The other ones are obtained in a 
similar way. We know that [e^,ei] belongs to go since the algebra g is |1|- 
graded. Hence we have a decomposition 

dim f)o 

i=i 

We compute the coefficients using the Killing dual basis given in Proposition 
[T] : we have 

b: = Ki[e^,e,],j^£) = - K (e^ , j^[£ , e^]) = ^K{s^,e,), 

by the invariance of the Killing form K and the definition of In the same 
way we obtain 

b'^, = i^([e^e,], A,) = -K{e', [Aj,ei]) = a|,e,) = -a,^,. 

s 

□ 
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4. CARTAN fiber BUNDLES AND CONNECTIONS 

4.1. Cartan fiber bundles. It is well-known that there is a bijective and 
natural correspondence between the conformal structures on M and the re- 
ductions of P^M to the structure group Go = CO{p, q). The representations 
(y,a) of GL{m,M.) defined so far can be restricted to the group CO{p,q). 
Therefore, once a conformal structure is given, i.e. a reduction Pq of P^M 
to Go , we can identify tensors fields of type V as Go invariant functions on 
Po- 

In [IQ, one shows that it is possible to associate at each Go-structure Po 
a principal ff-bundle P on M, this association being natural and obviously 
conformally invariant. Since H can be considered as a subgroup of G^, 
this i?-bundle can be considered as a reduction of P'^M. The relationship 
between conformal structures and reductions of P'^M to H is given by the 
following proposition. 

Proposition 3. There is a natural one-to-one correspondence between the 
conformal equivalence classes of pseudo-Riemannian metrics on M and the 
reductions of P'^M to H. 

Throughout this work, we will freely identify conformal structures and 
reductions of P'^M to H. 

4.2. Cartan connections. Let L be a Lie group and Lo a closed subgroup. 
Denote by I and lo the corresponding Lie algebras. Let — > M be a principal 
Lo-bundle over M, such that dimM = dimL/Lo- A Cartan connection on 
N is an [-valued one-form a; on such that 

(1) If Ra denotes the right action of a € -Lo on A^, then R*lu = Ad{a^^)u!, 

(2) If k* is the vertical vector field associated to A; € (q, then u;{k*) = k, 

(3) Vn €z N, uju ■ TuN [ is a linear bijection. 

When considering in this definition a principal //-bundle P, and taking as 
group L the group G and for Lq the group we obtain the definition of 
Cartan conformal connections. 

If a; is a Cartan connection defined on an iZ-principal bundle P, then its 
curvature is defined by 

VL = doj + ]^[uj,uj\. (4) 

The notion of Normal Cartan connection is defined by natural conditions 
imposed on the components of the curvature. 

Now, the following result ([16, p. 135]) gives the relationship between 
conformal structures and Cartan connections : 

Proposition 4. A unique normal Cartan conformal connection is associated 
to every conformal structure P. This association is natural. 

The connection associated to a conformal structure P is called the normal 
conformal connection of the conformal structure. 
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5. Lift of equivariant functions 

In the previous section, we recalled how to associate an if-principal bundle 
P to a conformal structure Pq. We now recall how the tensor fields, and in 
particular symbols, can be regarded as equivariant functions on P. 

If {V,a) is a representation of Go, then we may extend it to a represen- 
tation {V, a') of H by 

a' = a o TT. 

Now, using the representation a' , we can recall the relationship between 
equivariant functions on Pq and equivariant functions on P (see [8]): if we 
denote by p the projection P ^ Pq , we have 

Proposition 5. If(V,a) is a representation of Gq, then the map 

p* : C^{Pq, V) ^ C°°iP, V):f^fop 

defines a bijection from C°°(Po, ^)go to C°°{P, V)h- 

Now, since g_i = M™ and 0i = M™* are natural representations of Go — 
CO{p,q), they become representations of H and we can state an important 
property of the invariant differentiation : 

Proposition 6. /// belongs to C°°{P, V)go then V^/ G G°°(P, W^*(S)V)go ■ 

Proof. The result is a direct consequence of the Ad-invariance of the Cartan 
connection w. □ 

The main point that we will discuss in the next sections is that this result 
is not true in general for i?-equivariant functions : for an i7-equivariant 
function /, the function V^/ is in general not Gi-equivariant. 

As we continue, we will use the representation p'^ of the Lie algebra of H 
on V . If we recall that this algebra is isomorphic to go © 0i then we have 

p'M,€) = pM). VAG0o,eG0i. (5) 

In our computations, we will make use of the infinitesimal version of the 
equivariance relation : If / G G°°(P, V)h then one has 

Lh*f{u) + p'Mf{y') = ^. V/iGgo©0i,VnGP. (6) 

6. The application 

The construction of the application is based on the concept of invariant 
differentiation developed in [7, 8j. Let us recall the definition : 

Definition 1. If / G G°°(P, V) then (V^)^/ G G°°(P, (^^W^*(^V) is defined 
by 

for Xi,...,Xk GM'". 
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Definition 2. The map Q^; is defined by its restrictions to C°°(P, ®^Q-i (8> 
gl{Vi,V2)), (keN) : we set 

Q^(T)(/) = (r,(V-)'=/), (7) 

for all T e ^'^g^i ^K^i, ^2)) and / G C°°(P, Fi). 

Explicitly, when the symbol T writes tA hi ^ ■■■ ^ hk for t ^ C°°{P), 
AeVi V2 and hi, ■ ■ ■ ,hk eW"- = 5_i then one has 

QUT)f = tAo L^-i(hi) o • • • o L^-^ht:)f, 
where t is considered multiplication operator. 

Remark 1. If T G C°°(P, ^''g-i (g) 5/(1/1,^2)) is ff-equivariant, the dif- 
ferential operator Quj{T) does not transform i?— equivariant functions into 
i?— equivariant functions. Indeed, when / is /f— equivariant, the function 
{V^)^ f is only Gq— equivariant. Hence the function Qi^{T)f does not cor- 
respond to a section of V2(M). As we continue, we will show that one can 
modify the symbol T by lower degree correcting terms in order to solve this 
problem. 

7. Measuring the default of equivariance 

Throughout this section, T will denote an element of C°°{P, Sy^ v'j^'^o ^^'^ 
f G C°°{P, Vi)go (remark that this ensures that Quj{T){f) is in C"^'(P, ¥2)00)- 
Now, in order to analyze the invariance of functions, we have this first easy 
result, which follows from the fact that gi is a vector space. 

Proposition 7 (j21j). // (V,o;) is a representation of Gq and becomes a 
representation of H as stated in section\^ then a function v G C°°{P, V) is 
H—equivariant iff 

j V is Gq — equivariant 

I One has Lh*v = for every h in qi 

7.1. The map 7. As we continue, we are interested in measuring the failure 
of equivariance of the map Qi^. To this aim, we compute the Lie derivative 
of the differential operator Quj{T) in the direction of a field L^*, h £ qi. We 
already defined a map 7 in the projective situation : 

Definition 3. We define 7 on ^'^Q-i gl{Vi, V2) by 

7(/i)(xi (S) ■ ■ ■ Xk I) = - Yli=i xi ® ■ ■ ■ (i) ■ ■ ■ ® Xk {I o Xj])) 
+ Yli=i J2j>i^i ® ■ ■ ■ (i) ■ ■ ■ (E) [[h,x-i\,Xj] (g) • • • (g) Xfc 

U) 

for every xi, ■ ■ ■ ,Xfc G / G V^* (g V2 and h G 0i. Then we extend it to 
G°°{P, ^'^g-i gl{Vi, V2)) by C°^(P)-linearity. 

The main property of this map is the following. 
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Proposition 8. For every T G C°°(P, (gj'^g-i gl{Vi,V2), one has 

Lh* o QUT) - QUT) o Lh* = QULh*T + j{h)T) 
on Go-equivariant functions and for every /i G gi. 

Proof. The proof is straightforward an is similar to the corresponding one 
in [2IJ. □ 

Moreover, we can write 7 in a very compact way. To this aim, we define 
a new representation of Go and go on ® gl{Vi, V2) : 

Definition 4. The representation pr of Go on (Xi'^g-i ® gl{Vi, V2) is defined 
by 

Pr{a){xi ® ■ ■ ■ ^ Xk ^ I) = Ad{a)xi • • • Ad{a)xk ® (/ o pi[a~^)). 

Note that the adjoint action of Go on g_i identifies with the natural action 
of GO(p,g). 

The corresponding representation of go on the same space is 

Pr, {A){xi (S) ■ ■ ■ ® Xk I) = Yli=l Xi (E) ■ ■ ■ ^ [A, Xi] (g) ■ ■ ■ ® Xk ^ I 

—xi ® ■ ■ ■ ^ Xk ^ I o pi, (A). 
for every A e Qq, xi, . . . , Xk e Q-i and / G ^^(Vi, V2). 

Then we have the following immediate result 
Proposition 9. There holds 

k 

^{h){xi (g) • • • (g)Xyt (g)/) = (g) • • ■ 1^ Xi-l 1^ Pr,{[h, Xi]){Xi+l (8 • • • (gX/fc (g)/). 

i=l 

Now, we are interested in the commutation relations of 7 and the repre- 
sentations p and Pr- 

Proposition 10. The following holds on G°°(P, (gi'^g_i (g) gl{Vi,V2)), for 
a G {p,Pr} ■■ 

a{a) o 7(/i) = 'y(Ad{a)h) o a{a), 

and 

a,{A) o 7(/i) = 7([A, h]) + 7(/i) o a,{A) 
for all a G Gq, ^ G go and all /i G gi. 

Proof. First notice that, since all operators under consideration are C°°{P)- 
linear, we only have to prove that the desired relations hold on (8)*^g_i (g 
9l{Vi,V2). 

In order to link the relations for p and pr, we extend the representation 
P2 of Go (see section to (g'^g-i gl{Vi, V2) in a natural way by setting 

P2{a){xi (gi • • • (g) Xfc (g) L) = xi (g) • • • (g) Xfc (g) p2{a) o L. 

It is then obvious that the operators P2(«) and Pr{b) commute for all o and 
b in Go and that p{a) = /02(a) ° Pr(a)- Therefore, we directly get 

a{a) o pr{exp tB) = pr{a exp tB a^^) o a{a) 
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for every a G Gq and B & qq and t € M. Differentiating this expression, we 
obtain 

a{a) o Pj.^[B) = pr,{Ad{a)B) oa{a). 

Now we proceed by induction on k. For A; = 0, the result is obvious. Then 
we set Ti = xi (8" • • • Xfc / and T = xq Ti for xq, • • • , x^ € 0-i and 
I £ gl{Vi,V2). We use Proposition [9] to obtain 

7(/i)r = pr,{[h, xo])Ti + xo 7{h)Ti, (8) 

and we have 

a{a)o^(h)T = a(a) o 7(/i)(xo Ti) 

= a(a)(/9,.,([/i,xo])Ti + xo (8) 7(/i)Ti) 

= pr,{Ad{a)[h, xo])a{a)Ti +a(a)(xo ^j{h)Ti). 

The last term is equal to 

Ad{a)xo (8 a{a) o 'y(h)Ti, 

that is to 

Ad{a)xo (E) -f{Ad{a)h) o a{a)Ti 
by induction. We then have 

a{a) o ^{h)T = pj.^{[Ad[a)h, Ad{a)xQ\)a{a)Ti + Ad{a)xQ ® 7(^d(a)/i) o a[ 
= 7(74d(a)/i)a(a)T, 

by using ([8]) and noticing that a{a)T = Ad{a)xQ ® a{a)Ti. □ 

Proposition 11. There holds 

[j{h),j{h')]=0 

on ®'^0_i (8 S^Vi, V2) for all k e'N and h, h' e Qi. 

Proof. For k = or k = 1, there is nothing to prove, since 7(/i) lowers the 
degree of tensors. Let us now proceed by induction. We use the notation of 
Proposition [TOl One has then, iterating ([8]), 

-f{h')-f{h)T = j{h')pr,{[h,xo]m + Pr,{W,xo]h{h)Ti + Xq -f{h')-f{h)Ti. 

(9) 

Using Proposition IIOI we obtain 

l{h')PrA[f^^xo])Ti = pr,{[h,xo])-f{h')Ti --f{[[h,xo],h'])Ti. 
It is then obvious that ([9]) is symmetric in h and h' by induction. □ 

8. CASIMIR-LIKE OPERATORS 

In the papers dealing with equivariant quantization (see for instance 
[TOl El [1], the existence of quantizations over vector spaces was ruled by 
the properties of some Casimir operators associated to the equivariance al- 
gebra. In this section we will generalize these operators to our setting. 
Unfortunately, we have to define them by analogy and not as true Casimir 
operators. Therefore, we will have to check their properties by direct com- 
putations. Hopefully, these computations are quite nice. Let us begin by 
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what we call the flat Casimir operator. We use the basis of the algebra g 
defined by Proposition [T] in section 13. 2[ 

Definition 5. The operator & is defined on C°°(P, ^''g-i ® gl(yx, V^)) by 

dim f)o 

The main property of this operator is the following. 

Proposition 12. The Casimir operator is semi-simple. More precisely, 
the vector space ®^Q-i®gl(yi, V2) can he decomposed as an \}o-representation 
(see section [3^) into irreducible components (since fjo is semi-simple): 

The restriction of to C°°{P, I^^s) is then a scalar multiple of the identity. 

Proof. The proof goes as in [3j and [21]. Just notice that is C°°(P)- 
linear. Thus, we only have to compute it on 1^ ,, for every s. Then, it is 
easy to see that the operator is a scalar multiple of the identity, by 

using the definition of £ and of p. It was proved in [3j that the last term 
in the expression of is a scalar multiple of the Casimir operator of Pio, if 
f)o is absolutely simple. Finally, the restriction of the Casimir operator of 
f)o to every irreducible representation is a scalar multiple of the identity, by 
Schur's Lemma. □ 

Using the same basis, we define another operator. 

Definition 6. The operator N'^ is defined on C°°(P, ®^Q-i®gl{Vi, V2)) by 

d 

iV- = -2^7(e*)L,-i(e,), 

i=l 

and we set 

= C^ + N^. 

The operator N'^ has an important property of invariance : 

Proposition 13. The operator preserves the Go-equivariance of func- 
tions. 

Proof. The proof is exactly the same as in |21J. This property is a conse- 
quence of the proposition [To] and of the fact that the invariant differentiation 
preserves the Go-equivariance. □ 

We now have a technical lemma. 

Lemma 14. There holds on C°°{P, (g)*^5_i ® gl{Vi, V2)) 

d 

& o j{h) - j{h) o& = 2j2 lie')p4[h, e,]) 

1=1 

for all h in Qi. 
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Proof. Using the definition of and Proposition [TOl we directly obtain the 
relation 

On the other hand, using Proposition O we may compute 

dim ho 



2d ' 2 



so that 

2Eti7(e')P*([/i,ei]) = 2E,,M(^')p*([e^e^]) 

= iimp4£) + E-Z'%7i[Aj,h]p4A*) +^{[A*,h]p4A,)), 

by using again Proposition [2j 

To sum up, we now have proved the relation 

C'j{h) = 7{h)C' + 2j:t,^{e^)p,{[h,e.^) 

+7((-iad(f ) + iiad{£f + EjL" ad{Aj)ad{A*))h). 

We now prove that the last term vanishes by looking at the Casimir operator 
of the adjoint action of g : It is given by 

d ^ dim fjo 

Cad = ^{ad{ei)ad{e^) + ad{e^)ad{ei)) + ^<^d{£)'^ + ^ ad{Aj)ad{A*) 
i=i j=i 

Since 51 is an abelian subalgebra, the restriction of this operator to 0i is 
CadU = Eti^d{[e\e.]) + l,adi£)' + Z-=i'''adiA,)adiA*) 
= lad{£) + l,ad{£f + Et"/" ad{A,)ad{A^). 
Hence, we just need to prove 

Cad I gi - ad{£)\^^ = 0, 

i.e., Cad\gi = Idg-^. We compute Cad on g in the following way : on the one 
hand, since £ is in the centre of Qq, we have 

d d 

Cad£ = Y,iad{ei)ad{e') + ad{e')ad{e,))£ = 2 J^[e^ei] = £, 

i=l i=l 

by the definition of £ and Proposition [TJ On the other hand, since q is 
simple, we may apply Schur's Lemma. We obtain Cad = ^d and the result 
follows. □ 

Now, we can come to the main result about the second Casimir operator 

Proposition 15. There holds 

[C^,Lf,,+jih)]=0 

on C°°{P,^''Q-i® gl{VuV2))Go, for all h G gi. 
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Proof. By the very definition of C"^, we have 

= [C^L,.] + [C^7W] + [-2 Eti 7(^^)^.-1 (e^),^^*] 
+ [-2 Eti 7(^0^.-1 (e.),7W]- 

The first and last term vanish in view of the definition of C^, 7 and of 
Proposition [TTJ We aheady computed the second one, and the third one is 
obviously equal to 

d d 

1=1 i=l 

hence the result. □ 



9. Construction of the quantization 

The construction is based on the eigenvalue problem for the Casimir-like 
operators and . The construction was given in [21] in the projective 
case, and based on the original computations of [TO]. Actually, this con- 
struction applies to our setting. The main point is that we modified the 
definitions of Q^^ , 7 and so that Propositions El [T3] and [T5] hold true 
and C'^ is semi-simple. We recall here the key results of the construction 
and we refer the reader to |2lj for the proofs. 

Recall that (8''^0_i (8) gl{Vi,V2) is decomposed as a representation of f)o 
as the direct sum of irreducible components I^^s- Denote by Ej^^s the space 
C°°{P, Ik,s) and by ak,s the eigenvalue of restricted to Ek^s- 

As in [21 [To], the tree-like susbspace Xy{Ik s) associated to s is defined 

by 

where T^{Ik,s) = 4,. and Tj^+Hh,s) = 7{9i){Tj^{Ik,s)), for ah / G N. The 
space T}^{Ek^s) is then defined in the same way. Since 7 is C°°(P)-linear, 
this space is equal to C°°{P,Tjj{Ik,s))- 

The following definition is a direct generalization of the ones of [S] [10] : 

Definition 7. An ordered pair of representations (Vi, V2) is critical if there 
exists k, s such that the eigenvalue ak,s corresponding to an irreducible com- 
ponent Ifc of Sy^ belongs to the spectrum of the restriction of to 

We can now analyze the eigenvalue problem for the operator C"^. 
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Theorem 16. // the pair (Vi, V2) is not critical, for every T in C°°{P, Ik,s), 
(where I^^s is an irreducible component of Sy^ y^) there exists a unique func- 
tion T in C°°{P,Xy{Ik^s)) such that 

T = Tfc H + Tq, Tk = T . . 

C^{f) = ak,sf. ^ ' 

Moreover, if T is Go-invariant, then T is Go-invariant. 

This resuh ahows to define the main ingredient in order to define the 
quantization : The "modification map", acting on symbols. 

Definition 8. Suppose that the pair (Vi, V2) is not critical. Then the map 

R : er=oC°°(P,5^,yJ ^ ®r=oC°°iP,^'Q-i^9liVi,V2)) 
is the linear extension of the association T ^ T. 

The map M has the following nice property : 
Proposition 17. There holds 

{Lh*+l{h))R{T) = R{Lh'T), (11) 
for every /i € gi every T G G°°{P, Sy^ v2)c!o ^''^^ every G N. 

And finally, the main result : 
Theorem 18. // the pair (Vi, V2) is not critical, then the formula 

Qm ■■ (v,r) ^ Qa/(v,t)(/) = {pT'[QURip*T)){p*f)], 

( where is given hy ^) defines a natural and conformally invariant quan- 
tization. 

9.1. Final remarks. Throughout the computations, we did not use explic- 
itly the bracket of the algebra so{p + 1, g + 1), we only used the |l|-grading 
of this algebra and the subsequent properties. Another ingredient is the 
existence of a Cartan bundle associated to the Go-bundle Po, and of a nor- 
mal Cartan connection to this bundle. Therefore, our construction can be 
generalized to the construction of an invariant quantization, once these data 
are given. 

Finally, we did not address the uniqueness problem of the quantization. 
But it was proved by F. Radoux that, even in the projective case, that 
is the most simple case, the quantization is not unique in general, due to 
the presence of the Weyl curvature tensor. Therefore, we conjecture that 
the quantization is not unique in general. It would be interesting to find 
a natural condition to impose to the quantization procedure in order to 
obtain the uniqueness that was one of the main features of the equivariant 
quantization problem. 
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